The performance evaluation of urban drainage systems is essentially based on accurate 11 characterisation of rainfall events, where a particular challenge is development of the joint 12 distributions of dependent rainfall variables such as duration and depth. In this study, the copula 13 method is used to separate the dependence structure of rainfall variables from their marginal 14 distributions. Three one-parameter Archimedean copulas, including Clayton, Gumbel, and Frank 15 families, are fitted and compared for different combinations of marginal distributions that cannot 16 be rejected by statistical tests. The fitted copulas are used, through the Monte Carlo simulation 17 method, to generate synthetic rainfall events for system performance analysis in terms of sewer 18 flooding and Combined Sewer Overflow (CSO) discharges. The copula method is demonstrated 19 using an urban drainage system in the UK, and the cumulative probability distributions of 20 maximum flood depth at critical nodes and CSO discharge volume are calculated. The results 21 obtained in this study highlight the importance of taking into account the dependence structure of 22 rainfall variables in the context of urban drainage system evaluation and also reveal the different 23 impacts of different dependence structures on the probabilities of sewer flooding and CSO 24 volume. 25
Introduction 28
Urban drainage systems are used in urban areas for flood and pollution control through collection 29 and conveyance of stormwater and dry weather flow (DWF) to receiving waters and wastewater 30 treatment plants. Most developed countries were constructed many decades ago and designed using simple deterministic 37 methods on the basis of design rainfall events, which are usually related to a specified return 38 period and generated from intensity-duration-frequency curves (Hvitved-Jacobsen and Yousef, 39
1988; Butler and Davies, 2011) . System performance is affected by many factors that may have 40 changed over time such as system characteristics, land use and climate change. Thus, there is a 41 need to assess the performance of sewer systems regarding sewer flooding and CSO discharging 42 in a changed situation (Korving et al., 2002; Schmitt et al., 2004; Thorndahl and Willems, 2008) . 43 This is also driven by strict regulations such as the Water Framework Directive in the member 44 states of EU to improve receiving water quality through better utilization of the sewer system 45 capacity. 46 or CSO discharges in an urban drainage system, for example, analytical probability methods 48 (Benoist and Lijklema, 1989; Adams and Papa, 2000) , Bayesian methods (Korving et al., 2002) , 49 first-order reliability methods (Thorndahl and Willems, 2008) , and imprecise probability 50 methods (Fu et al., 2011) . In these methods, the historical rainfall series available are separated 51 into rainfall events, and probability distributions of some rainfall variables are then used to 52 characterise the stochastic nature of rainfall. For example, rainfall depth and duration are often 53 In many cases, rainfall variables are related, however, due to the difficulty and 56 complexity in generating the joint probability distributions of rainfall variables, the dependence 57 structure between rainfall variables is not explicitly considered in many studies (e.g., Adams and that the assumption of independence can have a significant effect on the frequency distributions 60 of flood or CSO discharges and may lead to erroneous results (Benoist and Lijklema, 1989) . 61 Thus many efforts have been made to consider the correlation relationships between rainfall 62 variables (Córdova and Rodríguez-Iturbe, 1985; Yue, 2000) and to analyse the implications for 63 structure on the performance of urban drainage systems. 93
Methodology 94

Concept of copulas 95
Copulas can be described as multivariate CDFs with standard uniform marginals and represents 96 the dependence structure of random variables. For two random variables X and Y, their marginal 97 cumulative distribution functions are represented by 98
where u and v are uniformly distributed random variables and
describes the probability of two events: 
where   v u C , is called a copula and can be uniquely determined when u and v are continuous. 104 Through Eq. (2), it is easy to see that the copula is actually a multivariate distribution function 105 with uniform marginals (Nelsen, 2006) . This provides two main advantages in determining 106   y x H XY , : (1) the marginals can be determined using different distributions, and (2) the 107 dependence structure can be described separately from the marginals, which allows for building 108 complex multivariate distributions to model stochastic phenomena such as rainfall without the 109 knowledge of marginal distributions. 110
There are many families of copulas that represent different dependence structures. The 111 one-parameter Archimedean copulas are of special interest for hydrologic analyses, and the 112 general expression of Archimedean copulas can be written as 113 concordance measurement -Kendall's  -which is a rank correlation coefficient, defined to 138 measure the orderings of two measured quantities. Kendall's  is defined in the interval [-1, 1], 139 where 1 represents total concordance, -1 represents total discordance, and 0 represents zero 140 concordance. According to the work by Nelsen (2006) , the relationship between parameter  141 and Kendall's  can be determined for the three Archimedean families.
142
Particularly, a closed-form expression can be derived for Clayton and Gumbel families. 143
In addition to the non-parametric method describe above, there are some parametric 144 methods available for parameter estimation, such as the conventional Maximum Likelihood 145 (ML) method, Inference Function for Margins (IFM) method (Joe, 1997) and Canonical 146
Maximum Likelihood (CML) method (Genest et al., 1995) , and Minimum Distance Methods. 147
For more information, the reader is referred to the following studies (e.g., Genest and Favre, 148 2007; Chowdhary et al., 2011; Nazemi and Elshorbagy, 2012). The IFM method was used in this 149 study as it has a better performance compared with others according to our preliminary tests. 150
More importantly, it allows to explore the impacts of the choice of parametrically estimated 151 marginal CDFs on copula fitting as prior research has shown that a number of marginal CDFs 152 may not be rejected for rainfall variables under several statistical tests (Fu et al., 2005) . The root 153 mean square error is a good indicator of goodness of fit, and can be calculated as: 154 
The p-values for n T are approximated using the bootstrapping method described by Berg (2009) 
(2) estimate the empirical distribution n K using 172
The theoretical distribution of Archimedean copulas, i.e.,  
, , can be derived 174 using the generating function 175
The distribution functions   one is connected to a wastewater treatment works and the other to a combined sewer overflow, 211 and both flows are eventually discharged into a river. Fig. 1 shows a satellite image of the study 212 area and provides the layout of the sewer system described. 213
The storm water management model (SWMM), developed by the U.S. Environmental 214 Protection Agency, was used for hydrologic simulation of rainfall-runoff in the urban catchment 215 and for hydrodynamic simulation of in-sewer transport through the urban drainage system. The 216 system model has been well calibrated for the purpose of flood evaluation in the work by 217 Fullerton (2004) , and has been used for system design and uncertainty analysis (Fu et al., 2011; 218 Sun et al., in revision). 219 220
Rainfall data 221
analyse statistical characteristics of the actual rainfall events in the case study of urban 223 catchment, independent rainfall events are separated from the time series using the concept of 224 inter-event time (IETD) definition, i.e., the time interval between two consecutive events should 225 be no less than a pre-determined IETD. According to the maximum concentration time of the 226 catchment, IETD was set to 20 minutes such that the runoff response from an individual event is 227 not affected by any other. A total of 3405 events were identified from the rainfall series. As the 228 events with a total amount of 3mm cannot generate sewer flooding and CSO discharges, so they 229
are not considered for analysis in this study, and the number of events is reduced to 570, with an 230 average of 57 rainfall events per year. 231
The general characteristics of rainfall events are described by rainfall depth and duration. 232 duration. There is a high frequency of low rainfall depth, about 50% of the rainfall events have a 234 very small depth less than 6 mm. The average rainfall depth is 7.4 mm, but the maximum is up 235 to 42 mm. Similarly, most events last a short period, although about 10 % have a duration over 236 800 minutes. The average rainfall duration over the 570 events is 399 minutes with a maximum 237 of 1725 minutes. The two variables are related to some extent, with a Kendall's tau = 0.27. As 238 can be seen from the marginal histograms, the two variables follow a rather different marginal 239 distribution. This clearly demonstrates the need to separate the marginal distributions and 240 dependence structure in the joint distribution of the two rainfall variables so that the marginal 241 distributions can be simulated by different types of distribution. 242 243
Marginal distributions 245
The following commonly used distributions are used to fit the rainfall depth and duration 246 data: Generalized Pareto (GP), Generalized Extreme Value (GEV), Log-Logistic (Log-log) and 247 Gamma, according to previous studies (e.g., Kao and Govindaraju, 2007b ; Vandenberghe et al., 248 2011). The above functions are fitted using the maximum likelihood estimation method that 249 maximises the log-likelihood function. In the calculation, the maximum number of iterations is 250 specified as 100 and the accuracy of the estimation is set to 1.0×10 5 . 251
Three goodness-of-fit tests, i.e., Kolmogorov Smirnov (K-S), Anderson Darling (A-D) 252
and Chi-Square (χ 2 ) tests, are used to determine if the data follow one of the specified 253 distributions (the null hypothesis H 0 ). The hypothesis is evaluated at the 5% significance level. values, the more evidence we have against H 0 . For rainfall duration, the three distributions, i.e., 263 GEV, Log-log and Gamma, cannot be rejected with all of the three tests and have a decreasing 264 ranking according to the statistics values. Similarly, for rainfall depth, the distribution GP best 265 fits to the data, followed by Log-log and GEV. All of the three distributions cannot be rejectedduration and depth, respectively. The A-D test is stricter than the K-S test possibly because it 268
gives more weight to the distribution tails. The results confirm that in many cases it is not 269 possible to determine one single best distribution particularly when a relatively short series of 270 data is available (Korving et al., 2002; Kao and Govindaraju, 2007b; Fu et al., 2011) . This study 271 considers all the distributions that cannot be rejected to investigate the bivariate distribution 272 using copulas. 273
Dependence structure 274
The selected marginal distributions for rainfall duration and depth are used to fit the 275
Archimedean copulas using the CML method. The parametrically estimated values of parameter 276  are provided in Table 3 , along with their 95% confidence intervals. Recall that parameter  277 can also be derived according to the relationships between  and  , and the values for Gumbel,
278
Frank and Clayton copulas are 1.371, 2.589 and 0.741, respectively. It can be seen that the 279 parametric estimates for Gumbel and Frank copulas are in a good agreement with those from the 280 non-parametric method, and are bracketed in the relevant 95% confidence intervals. For the 281 Clayton copula, however, the non-parametric estimate is significantly bigger than the parametric 282 estimates, and is out of the 95% confidence intervals. This is possibly because the rainfall data as 283 shown in Fig. 2 illustrate greater dependence in the upper tail than in the lower tail. On the 284 contrary, Clayton copula exhibits greater dependence in the lower tail than in the upper tail. The 285
Gumbel copula is an asymmetric Archimedean copula with greater dependence in the upper tail 286 than in the lower. The Frank copula is a symmetric Archimedean copula. Thus these two copulas 287 are more appropriate for describing the dependence structure between rainfall duration and 288 depth. 289 confirms the inappropriateness of the Clayton copula as it has a lower p-value for most the 291 marginal combinations. This statistic shows a more significant difference compared with 292 RMSE. Amongst the three marginal distributions of rainfall depth, GP has the worst 293 performance in terms of copula fitting although this distribution is the best in the marginal 294 distribution fitting according to the statistics. This implies that it is important to consider the 295 goodness-of-fit of both marginal distributions and copulas in order to achieve the best overall 296 performance in constructing a joint distribution of multi-variables. For the three distributions of 297 rainfall duration, there is no significant difference in copula fitting. It can be seen that the 298
Gumbel and Frank copulas are in good agreement. 299 Table 5 shows the upper tail dependence coefficients for Gumbel copulas. It can be seen 300 that the estimated coefficient values are very close to the theoretical ones. and y-axis represents that of Gumbel copula. The diagonal straight line represents a perfect 307 match between the parametrically estimated copula and empirical copula. Generally the Q-Q 308 plots confirm the results revealed from the statistic values in Table 4 . That is, the GP vs. GEV 309 and GP vs. Gamma pairs provide the worst copula fitting results, while all the other distribution 310 combinations provide a rather good fitting. The pair Log-log vs. GEV is chosen as the base casedistributions and copulas. 313
To understand the structure of dependence, Fig. 4 visualizes the CDF and probability 314 distribution function (PDF) of the Gumbel copula on the basis of the Log-log vs. GEV 315 combination. The variables u and v represent the transformed random variables X and Y 316 (rainfall depth and duration) in the unit hypercube, respectively, and have the same ranks as X 317 and Y. Fig. 4a shows the fitted copula (shaded surface) together with the empirical copula 318 (points). The strong dependence in the upper tail is clearly illustrated in Fig. 4b . 319
Selection of the most suitable copula is a complex process and need to consider several 320 different measures including statistics, graphical approaches, and comparison to empirical 321 copulas and data regarding dependence types. A single measure may fail to identify the 322 inappropriate copulas, leading to an overestimate or underestimate of the probability of sewer 323 flood and CSO discharges as demonstrated below. 324
Flood and overflow frequency 325
The theoretically fitted Gumbel copula was used to generate a large set of 10,000 samples for 326 rainfall depth and duration. The number of samples used here is very conservative compared to 327 the previous study by Fu et al. (2011) and can provide very stable simulation results. The 328 synthetic rainfall events were produced by applying a rectangular pulse with duration as the 329 width and average rainfall intensity as the height, and they were then used as inputs to the sewer 330 system model to calculate the flood depth at different nodes. We recognise the impact of 331 different rainfall profiles on the frequency of flood and overflow (Fontanazza et al., 2011; Sun et 332 al., 2012), but this is out of scope of this study. 333 overflow volume at the CSO. For the copula results, the dependence structure is represented by 335 the Gumbel copula and marginal distributions for rainfall depth and duration are represented by 336
Log-Log and GEV, respectively. In Fig. 5a , the probability of no flooding occurring (flood 337 depth=0) has a value of 0.43. In other words, the probability of flooding at this node is 0.57 and 338 this is equivalent to the probability of system 'failure' in terms of sewer flooding. Note that this 339 probability represents the probability for each rainfall event because the way of rainfall events is 340 simulated in this study. This high number of 'failures' at this critical node is caused by the 341 expansion of the network to the (left) upstream due to urban development (Fullerton, 2004) . 342
Similarly in Fig. 5b , the probability of no CSO discharges (CSO volume=0) is estimated at 0.92. 343 Fig. 7 . Note that according to the copula fitting results the Clayton copula is 365 not appropriate to describe the dependence structure of rainfall depth and duration, but it is used 366 here for the purpose of demonstration of its potential impacts. The Clayton copula overestimates 367 the probability of sewer flooding and CSO discharge, i.e., the performance of the sewer system. 368
This can be explained by the dependence structure of the Clayton copula: greater dependence in 369 the lower tail than in the upper tail, which results in more small synthetic rainfall events. 370
Conversely, the cumulative probabilities of sewer flooding and CSO discharges estimated by the 371 Gumbel copula are smaller than those from Clayton and Frank copulas, because more extreme 372 events are generated as a result of the greater dependence in the upper tails. 373
Clearly the copulas have more significant impacts on the CDFs of sewer flooding and 374 CSO volume than the marginal distributions, when comparing the results in Fig. 5 and Fig. 6 . 375
This implies the importance of considering the dependence structure of rainfall variables when 376 evaluating the system performance of urban drainage systems through synthetic events based 377 methods. 378 illustrated by calculating the return periods of the sewer system. Fig. 8 shows the return periods 380 of CSO volumes from the three copulas. The return periods of CSO volumes are derived using 381 the cumulative probabilities in Fig. 7b , considering the average 57 rainfall events per year. 382
Conclusions 383
This paper highlights the importance of considering the dependence structure of rainfall 384 variables in the context of system performance of urban drainage systems using copulas. The 385 copula method is demonstrated using an urban drainage system in the UK to calculate the 386 cumulative probability distributions of flood depth and CSO volume. The rainfall characteristics 387 in the case study are represented by two variables: rainfall depth and duration. The marginal 388 distributions of these variables are simulated using GP, GEV, Log-log and Gamma, and the 389 dependence structure is represented by the following three one-parameter Archimedean copula 390 families: Gumbel, Frank, and Clayton. On the basis of the copula approach, the Monte Carlo 391 simulation is used to generate synthetic rainfall events to evaluate the probabilistic system 392 performance, represented by the CDFs of flood depth and CSO volume. This new methodology 393 is promising in that it provides a simpler way to construct the joint distribution for rainfall 394 variables by separating the dependence from their marginal distributions, and thus provides a 395 basis for performance evaluation of urban drainage systems. The following conclusions are 396 presented on the basis of this study: 397 1. It is necessary to consider all the marginal distributions that cannot be rejected by 398 statistical tests for copula fitting using the IFM method, rather than choose the best 399 ranked distributions. As revealed by the case of bivariate copulas, the pair of the best 400 performance in constructing the joint distribution of rainfall depth and duration. 
where n is the number of data, i
x is the ith sample (i=1, 2, ... n), and F is the cumulative 442 distribution being texted. As the Chi-Square test is based on binned data, the total number of bins 443 k is determined using the following empirical equation 
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